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W
e both work at institutions that have been awarded NSF ADVANCE grants. ADVANCE is a program that aims to develop systematic approaches to supporting academic women in science, technology, engineering, and mathematics (STEM) disciplines. ADVANCE looks at universities and asks, "What support can universities provide to help women faculty members thrive in STEM?" We took that question to heart and asked ourselves, "What support can we provide in our undergraduate mathematics classrooms to help women students thrive in mathematics?"
We decided to take a hard look in the mirror. This meant examining our own approaches to teaching and confronting the limits of our own education and preparation. Trained as mathematicians, we found our preparation for understanding how gender affects undergraduate mathematics classroom environments lacking. We turned to resources from psychology, sociology, and women's and gender studies to better understand our own teaching. Our personal goal-it might not be yours-is to understand how gender bias influences our mathematics teaching and to explore concrete steps we can take to reduce the effects of that bias.
We've asked ourselves why our classrooms should look different from the classrooms in which we were undergraduate students. After all, we are both women who were successful undergraduate mathematics majors and went on to earn Ph.D.'s in mathematics. Call it survivor's guilt: we both know that we were able to "fit in" in mathematics when many other women could not. We could say, "Other women should do what we did and learn to fit in." Instead, we are asking, "What should we do differently as mathematics instructors so that more women, who wouldn't otherwise be successful, will be and will persist in the study of our subject?"
We have to make a few stipulations. First, we believe teaching can be taught. Though trained as applied mathematicians, we both now do research in and teach mathematics education. Our work in mathematics education is guided by the belief that great teaching can be taught. This is contrary to what popular culture has us believe: often teachers are characterized as "born to teach." Sometimes great teachers believe it too. There is something to that-in the absence of preparation for teaching, there are those who will become better because they experiment, reflect, and revise their own teaching. They do this on their own and end up keeping the best of their experiments and learning from the ineffective ones. We don't mean to diminish the greatness of those who have figured out how to become great teachers on their own; we want to understand what they do in classrooms and teach others to do the same. As we explore changes to make in a classroom to be responsive to gender, we are thinking of explicit teaching choices.
Second, we believe there is inherent good in giving more people access to undergraduate mathematics. This is a value we stipulate. You might not share that value, but if that's the case, then you and we are aiming at different things. We've thought a lot about what kinds of good come from access to mathematics, and we believe that what might resonate most with our students is the access to fulfilling, higher-paying jobs that comes with advanced technological knowledge. Some may argue that this is not why we teach mathematics, but it performance levels are not [5] . Such a scenario is a call to all of us who teach mathematics to undergraduates to pay attention to issues of equity.
What Are We Teaching Our Students?
Students in undergraduate mathematics courses are generally exposed to a breadth and depth of mathematical content. In recent years a focus on conceptual understanding has led to a curriculum reform movement in mathematics across all school levels, a movement that is focused on conceptual rather than procedural understanding of mathematics. Conceptual understanding is one of five components of mathematical proficiency for children identified by the National Research Council [25] , and researchers have called for a priority on conceptual learning in higher education in general [20] . While true for mathematics and higher education independently, this has been especially true for their intersection in the reform of undergraduate mathematics. Specifically, calculus has been at the center of a reform movement since the 1980s and is seen by many in higher education as a gateway to STEM majors, since success in this course is a requirement for entry into many STEM programs.
What are absent from this mathematical experience (and reform movements), however, are explicit discussions with students about the opportunities they'll have when they've taken more mathematics content courses. Undergraduate students do not have a chance to examine how mathematical knowledge translates into social and economic power by increased access to careers that are influential or high paying. Psychologists call this the "utility value" of mathematics. This utility value is often overlooked [18] despite the fact that researchers have called for students to obtain a cultural awareness of the significance of mathematics in the larger worlds of science and society [2] . Instructors of undergraduate mathematics can facilitate this awareness by incorporating this utility perspective into courses. Indeed, engineering has had great success with such a curriculum overhaul; incorporating examples and demonstrations that contextualize and draw the social and community connections for students has been shown to enhance performance and interest of both male and female engineering students [6] .
We recently tried out a classroom activity as a way to promote an awareness of the utility value of mathematics. An instructor of a Calculus I course at one of our institutions introduced the utility value of mathematics to show students how the calculus concepts they were learning can be used to address societal problems. The instructor prepared a short presentation (four slides) describing the uses of mathematics beyond what students may normally think about when in a mathematics class. On this day in class, students is certainly why many of our students are taking mathematics classes. The mathematics classes we teach are populated with students who are taking the course because it is required by their major, because someone has decided what amount of mathematics they will need to know to be successful in their academic program (and ultimately in a career in their chosen field). Dudley [11] suggests that we "be a little less insistent that mathematics is essential for earning a living" and argues that texts such as Everybody Counts [26] overestimate the necessity of mathematics (and skills in algebra) for everyday life and work. He uses the telephone Yellow Pages headings of Janitor Service, Janitor's Equipment and Supplies, Jewelers, and others to support his point. We take the point of view that we are preparing students for career aspirations above and beyond those used in his example. The majority of students in calculus courses have chosen career paths where calculus is accepted as necessary or at the very least helpful. We therefore need to consider how to facilitate a greater understanding among students in our classes.
Finally, we are not psychologists, sociologists, or gender theorists. We are thinking about these issues on a very practical level-that of mathematics professors. But, to understand the practical, we've found we have to consider the theoretical. And we understand that our social scientist colleagues have something to tell mathematicians about how to teach mathematics. Indulge us-this article might take you out of your comfort zone and talk about some nonmathematical theoretical ideas that we think have an influence on choices we make when teaching mathematics.
The Scenario
Consider the following: you are teaching an upperlevel undergraduate mathematics course with about thirty students. Roughly one third of the students are women, and throughout the semester you notice that these women are some of your best students. In fact, none of the worst students are women. A careless analysis of this situation might lead you to believe that there is no gender disparity in undergraduate mathematics courses at your institution and, in fact, women seem to be advantaged, so you can focus on making your instruction as engaging as possible so all of your students will benefit. A more careful analysis would expose the selection bias inherent in your single classroom situation: your sample only includes those students who were successful enough in prior courses to be enrolled in an upper-level course. If there is no gender bias, then you should expect women to be proportionally represented throughout the grade distribution; instead, the lack of women in the mid-to-low performance range might indicate that women are being screened out of advanced undergraduate mathematics when men of similar connotation of the words but is not identical to it (think of the precision that mathematicians invoke when using the words similar, random, or equal). In what follows, we try to offer our interpretation of the academic use of those words.
Mathematical Authority
We suggest that it is most natural for mathematicians to understand the teaching construct of authority because the discipline of mathematics rests on a structure that is internally derived and verified. Educational and social theorists define different types of authority, including traditional authority (a right to command and a duty to obey) [35] and professional authority (based on expertise needed to achieve aims) [3] . Though classrooms might rely on these (and other) authority structures, mathematicians themselves recognize in doing mathematics that it is mathematical reasoning and the verification of that reasoning that characterizes the discipline. Then what characterizes classrooms where the authority structure reflects the premise of mathematical authority?
Despite efforts in collaborative learning, many students still view their instructors or their textbooks as the final authority on mathematical correctness [29] . In fact, it is easy for mathematics instructors to take this point of view as well, since they are the experts in the subject matter. Instructors need to instill in students an understanding of the authority inherent in the discipline. This, however, is easier said than done, and for many of us the attempt is familiar territory. We try to have discussions encouraging students to work out problems on their own or with classmates before seeking instructor intervention, yet still hear "I'll just wait for the professor to do it" as we walk away.
There is a need for instructors to develop methods of promoting self-reliance in students or risk perpetuating a culture in which students are unable or unwilling to solve mathematical problems (or conduct themselves in mathematical situations) without access to expert knowledge. If our students are relying on us to provide the authority in the classroom (instead of relying on the mathematics), then it is natural for us to conclude that either the students think themselves unable to do the mathematics or the students are able but unwilling. Students in the first group-those who don't believe they are capable of doing the mathematics-will feel they need to mimic the instructor. Those in the second group-unwilling to try-may believe the instructor is the expert and should be mimicked.
The first group of students does not believe they can do mathematics regardless of the effort they put in. They consider themselves outside a marked group [7] of people who have mathematical ability. Considering themselves outside this group, they saw how mathematics is applied in political science (in the effect of weighted voting, coalitions and bloc voting, particularly timely given the U.S. presidential election at that time), national security (how disease spreads, bioterrorism, screening airline passengers, disaster response), and issues of social justice (in economic models for povertystricken nations). Each example presented came from a scholarly article to show students how researchers in these fields use mathematics, specifically the calculus they were studying in class, to address these problems. In addition to telling the students how calculus can be used in fields that might appeal to them, students were asked to take part in increasing their awareness through one homework assignment. They had to find, read, and summarize a scholarly article demonstrating calculus applied to a problem in their major academic fields over the course of one week. Through statements students made in their written summaries (e.g., "I never knew calculus could be applied to biology"), we were able to see a clear increase in utility-value awareness in this class from even just one assignment.
What Else Can We Do?
Beyond developing curriculum related to utility value, we've also considered teaching practices which help our students set appropriate classroom behaviors. We aren't talking about listing classroom rules on the syllabus; we wanted to have students develop classroom habits that we would consider mathematically productive. We looked into feminist teaching and encountered the ideas of authority, agency, and voice. We've been thinking about what those ideas mean in a context that is mathematical. This article describes our interpretation of how undergraduate classrooms can reflect mathematical authority, mathematical agency, and mathematical voice as ways to encourage all students, with the specific aim of engaging more female students to persist in mathematical study.
We're concerned with understanding how the issues of authority, agency, and voice are present in a classroom where the academic topic is mathematics. We want to know: what does it mean to have mathematical authority, mathematical agency, or mathematical voice? We consider where our students find authority in the mathematics classroom. Is the source internal or external? Is it the instructor? Or is it the mathematics? Do our students act as agents for themselves, taking action where appropriate? Do they exercise a voice in the classroom, speaking from an authentic, individual perspective rather than being limited to repeating the ideas of others? One thing to keep in mind is that social scientists confer academic meaning on the terms authority, agency, and voice in a way that is related to the common English were videotaped. The instructor's plan was to sift through the three videos to find a short clip where students were modeling the behaviors they previously described as effective (things like sharing responsibility for the group's work, discussing mathematics in a way that builds on other students' contributions). However, in the 42 minutes of videotaping, the instructor was unable to find even a 30-second video segment in which students were, in fact, displaying the desired behaviors.
Instead, the instructor created the desired video clip with graduate teaching assistants portraying students while working through the activities. The teaching assistants were familiar enough with the mathematical content of the tasks that they were able to focus on modeling the desired behaviors. This is the video the instructor eventually used in her video-modeling intervention. After watching the video, the undergraduate students had a productive discussion about how to engage in groups. Informal reports from the instructor are that this activity did help the students in their collaborative work for the remainder of the semester.
Mathematical Agency
The psychological construct of agency is, we propose, less obvious to mathematicians than that of authority. In considering agency, theorists consider an individual's ability to take action for him-or herself. We refer to the common definition of agency: the capacity to act or exert power. Researchers have called for mathematics educators to provide students with "tools to analyze and act upon issues important in their lives, in their communities, and to society in general" [14, p. xxi].
We have thought about how to interpret agency in mathematics classrooms and have found the ideas of mindset and motivation are those we can best understand and enact.
Mindset for Learning. Psychologists refer to an individual's mindset as the underlying beliefs about intelligence or ability that the individual holds. Mindsets are generally classified into two categories: a fixed mindset or a growth mindset. The fixed mindset, sometimes called an entity view, is characterized by the belief that intelligence or ability is fixed and a person either has the intelligence or ability or does not. The growth mindset, sometimes called an incremental view, is characterized by the belief that a person's intelligence or ability is malleable and changes with effort [12] .
Psychologist Carol Dweck [12] has identified three features of learners with a growth mindset. Those with a growth mindset are focused not on high scores or grades but on learning; they believe that the amount of effort is what determines achievement; and they tend to use positive strategies when they face difficulty, such as changing problem-solving approaches. are merely able to reproduce the mathematics of others but not able to engage with the mathematics in a meaningful way. They see themselves only as copiers of others' mathematics [21] and are therefore unable to see where mathematics fits into the world around them. They will likely be unable to function in a mathematical situation outside the classroom without expert knowledge as a resource.
The second group, students who think simply mimicking their instructor's mathematical processes is acceptable, does not see the need to understand mathematics, because they have an expert mathematician in the classroom. Their inability to see mathematics beyond the classroom places them in the same situation as the students in the first group-unable to function in a mathematical situation without expert knowledge as a resource. We suggest that mathematicians teaching undergraduate courses consider whether their classroom approach encourages students to find mathematical authority from an external expert or from within mathematics itself. One way to foster a reliance on the internal authority of mathematics and promote agency and voice among students is through focusing on appropriate use of group work. Collaborative groups, as a pedagogical tool, allow students to express themselves mathematically, and women in particular have shown positive reactions to collaborative learning [32] . By participating in groups, students can practice developing their own voice and agency; they can learn to put their own mathematical ideas forward to peers and validate their reasoning.
An instructor at one of our institutions recently attempted to use video self-modeling (VSM) to reinforce effective group work practices among calculus students to promote the constructs described above. VSM is the activity of watching and learning from one's own positive behavior [4] . Group work is an integral part of the course, though getting students to "buy in" to group work and step away from the traditional lecture format of a mathematics class is sometimes difficult. (It should be noted that several of the group work activities used in this project are research-based supplemental curriculum materials which were implemented several years prior and the instructor was experienced in facilitating the activity.) VSM has been used in educational and psychological research to reinforce positive behaviors since the 1970s.
Prior to attempting the VSM activity, the instructor engaged the students first in small group discussions, then a whole class discussion around a series of questions designed to help them identify effective group work behaviors and discuss their attitudes toward collaborative work in a mathematics class.
During a later class, while working on a groupwork activity (though not one of the activities common to all classes), three groups of students to elucidate all of the subtleties included in a rich knowledge of that field. Rather, this brief discussion is meant to provide an overview of motivation that will enable the mathematician or mathematics educator to be aware of the most widely agreedupon impacts of the psychology of motivation in the mathematics classroom. To some psychologists, agency is considered a subconcept of the concept of motivation. We freely admit that we understand these concepts only through a layperson's view. With this as our lens, we choose to characterize attention to motivation as a way to promote agency within students in a classroom.
Key concepts in educational psychology that relate to motivation (in its academic usage) are goals, interest, and motivation (common English usage). According to Murphy and Alexander [22] , who analyzed psychology literature for definitions in motivation, a goal is generally defined as that which students wish to achieve; an interest is the process "by which the underlying needs or desires of learners are energized;" and motivation is a process involved in the direction, intensity, and persistence of behavior [22, p. 28] .
Students who are "goal-oriented" may have a specific goal as their aim. This may be a performance goal (earning a high grade or avoiding a failing grade), a mastery goal (to learn the material), a social goal (to fit in with peers, the teacher, or some other social community), or a work-avoidance goal (doing as little work as possible). There has been recent interest among research psychologists in refining this structure used to categorize goals [13] , but the four categories suggested here can aid the mathematician's understanding of students' goals. It is often easiest in classroom settings to appreciate the student who has a mastery goal, and it can be frustrating to deal with students who have a work-avoidance goal. Students with performance goals might consider themselves "good" students; instructors who understand the difference between performance goal-oriented and mastery goal-oriented students may find opportunities to engage the performance goal-oriented students in activities that display the value of concept mastery. Classrooms that acknowledge students' social goals may find strategies to structure the classroom environment around a shared mathematical community.
Interest can be categorized as individual or situational interest. Students may have individual interest, which means that they have developed an interest in specific classroom material that comes from their prior interactions with or knowledge about the subject, or students may have situational interest, an interest that is more malleable and context dependent. It may be beneficial for teachers to focus instruction on situational interest in an attempt to embed ideas that can become individual interest [28] .
There is evidence that shows that providing learners with a growth mindset can positively impact learning outcomes in mathematics and science. In a study of college chemistry courses, Grant and Dweck [17] studied how growth or fixed mindsets affected grades in this difficult course. They found, among other things, that growth mindset students were better able to recover from a setback (a low exam score) than fixed mindset students. They also found that mindset had a gender dimension: of those with a fixed mindset, men outperformed women. But with a growth mindset, women and men were statistically level.
Specific to mathematics, Good, Rattan, and Dweck [15] studied the mindsets of females in college calculus and found that women with a growth mindset were less susceptible to negative stereotypes and indicated a feeling that they "belong" in math, more so than women with a fixed mindset. Other studies by these authors [16] have shown that describing "math geniuses" as people who love and work at mathematics rather than as born geniuses provides students with a growth mindset about mathematics. In another study, Dar-Nimrod and Heine [8] found that females who are exposed to the idea that differences in mathematics are due to experience rather than genetics perform better on a mathematics performance task.
This research indicates that it is important to address students' mindsets in the classroom if the classroom goal is to develop critical thinking skills with respect to mathematics in more students. Instructors can provide students with the tools to understand and adopt a growth mindset. Perhaps this can be achieved by extending some of the strategies suggested for teaching children to have a growth mindset to higher education and by showcasing mathematicians (including women mathematicians) as hard workers. Alternatively, mathematics instructors providing students with examples (in the mathematics classroom) of how mindset can affect performance in other fields can provide a model of the relationship between the two (performance and mindset) and further a belief in growth mindset.
During a recent calculus class, a graduate instructor at one of our institutions attempted this by providing real-world examples during a classroom discussion to illustrate to the students how much of an impact our own thoughts can have on our performance. They listened to excerpts from stories in sports where positive thinking led to record breaking, among other things. Both strategies are relatively simple to implement and are well received by students in general.
Motivation in Mathematics
Within the academic discipline of psychology there is a subfield that is concerned primarily with motivation. It is not the purpose of this section others, and trends in mathematics achievement continue to persist along racial, ethnic, gender, and socio-economic status among students [30] , [31] . In addition to privilege affecting the type, quality, or level of mathematics education received by students, the level of mathematics education received by students will affect their future privilege in the access it gives them to career choices. This cyclic relationship between privilege and mathematics education in our society is one which we try to recognize in class.
It is difficult to balance the advantages afforded to those with privilege and those without, even in the relatively small and controlled environments of the classroom. As such, we don't have good suggestions or even examples of what we've tried. As a first step, we suggest that mathematics instructors seek to notice the ways that privilege emerges in the classroom environment: who talks more in class or who has stronger prerequisite skills, for example. Perhaps with greater awareness we can find ways to address this issue more concretely.
Discussion
Our personal purpose in understanding the constructs of authority, agency, and voice in mathematics is to attempt to address the gap between the numbers of women and men who pursue mathematics careers, and we began by inspecting our own classrooms. The transition between high school and college is a critical time when many young women turn away from STEM career paths. Only half as many female first-year students plan to pursue STEM majors as their male counterparts [27] , and of those who do major in STEM, women leave these majors at the same rate as men [33] .
Current literature investigating why there are so few women in STEM reveals the following three themes: (1) the existence of perceived gender differences (the continued notion that men are mathematically innately superior and therefore better suited to careers in STEM), (2) the lack of interest in STEM by women, and (3) the influence of the STEM workplace environment [1] . Recently, researchers have also identified a lack of focus on the communal and social values that a STEM career affords as another possible deterrent to women's participation [10] . We suspect the lack of knowledge of the social value of STEM careers greatly contributes to the lack of interest in STEM by women.
Given these three influences, namely, the persistent lack of women in STEM majors and careers, the trend toward mathematics instruction that is both conceptual and attentive to societal issues, and the recognition of the value of including women's perspectives in creating a sense of belonging, we suspect that an understanding of the issues of authority, agency, and voice is a first step and a Students may be motivated intrinsically, which is a feature that comes from the task in and of itself, or extrinsically, meaning they are performing the task to get some benefit or meet some other goal that is peripheral to the activity itself. Instructors who choose mathematics tasks that are relevant to students' interests may have more success tapping into students' intrinsic motivation [9] .
Both of the strategies that we've discussed earlier, focusing on meaningful problems in the curriculum and explaining the utility value of mathematics to students, are ways we've tried to address motivation in classrooms.
Mathematical Voice
The idea of voice is the hardest for us to get a handle on. Sometimes it is hard for us to understand the distinction between some ideas that social scientists present related to voice and those related to agency or authority. Rather than focusing our energy on understanding those distinctions that seem far outside our expertise, we have tried to understand what new ideas are encompassed within voice that we haven't yet explored. We propose that there are two aspects of mathematical voice that should be understood in relation to undergraduate mathematics: voice in the classroom and voice in society.
In one respect, a classroom that allows students mathematical voice is one in which students are literally speaking. But the idea of voice goes deeper than this. A classroom that attends to mathematical voice provides all students the opportunity and expectation to be engaged in the intellectual content of the classroom. This involves instructors using strategies that ensure all students are called on or share ideas vocally in an equitable way but also uses written assignments as ways to engage students' voices. Many of the issues of this aspect of voice overlap issues of mathematical authority and agency that have been previously discussed. A second aspect of mathematical voice is an understanding of what it means to have a mathematical voice in society at large. To understand that perspective, we found ourselves examining the sociological construct of privilege.
We think of privilege as a special advantage granted to a person or group of people not always deserved or earned. Privileged people in the United States tend to be male, white, middle or upper class, heterosexual, and physically and mentally able [24] . People in privileged groups are generally unaware of the advantages they obtain simply by belonging to this class based on their race, ethnicity, gender, or socio-economic status.
People of color or lower economic status are usually not afforded the same advantages as those in a privileged group. Researchers have shown that mathematics education has afforded privilege to some students while limiting opportunities for critical foundation towards creating classrooms that foster a sense of belonging among women.
Mathematical knowledge is an instrument of economic potential for individuals in society. The U.S. Department of Labor projected that, in 2012, nine out of ten of the fastest growing occupations will require preparation in mathematics or science [34] . Additionally, careers that require this type of preparation equip degree recipients with higher earning power. For example, in 2012 the average starting salary for a bachelor's degree recipient entering non-STEM fields was much lower than recipients of degrees in STEM fields [23] . In particular, women in science and engineering tended to earn more than women in other sectors of the workforce. A recently published analysis of gender differences in mathematics performance at the K-12 level found evidence to support the hypothesis that socio-cultural factors in environment result in the observable differences in boys' and girls' performance in mathematics [19] and concluded that "eliminating gender discrimination in pay and employment opportunities could be part of a win-win formula for producing an adequate supply of future workers with high-level competence in mathematics" (p. 19).
These societal factors illustrate the importance of engaging women in mathematics in their undergraduate careers. We propose that teaching that attends to mathematical authority, mathematical agency, and mathematical voice will help all students, including women, as a way to address the STEM pipeline problem at the early undergraduate level.
